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LETTER TO THE EDITOR 

q-deformed oscillator algebra as a quantum group 

Hong Yan 
CCAST (World Laboratory), PO Box 8730, Beijing 100080, People’s Republic of China, 
a n d t  Institute of Theoretical Physics, Academia Sinica, PO Box 2735, Beijing 100080, 
People’s Republic of China 

Received 10 September 1990 

Abstract. It is proved that the q-deformed oscillator algebra is a quantum group. The Hopf 
algebraic structure is set up and verified to be consistent and compatible. The universal 
%-matrix and Yang-Baxter equation are constructed. The q-differential operator algebra 
is briefly discussed. 

A quantum group is a Hopf algebra which is neither commutative nor co-commutative 
[ 1-51. Most of the well studied quantum groups are the q-deformations from semisimple 
Lie algebras, which revert to semisimple Lie algebras when q + 1. They are deeply 
rooted in many physics theories, such as exactly solvable statistical models [6], 
integrable field theories, two-dimensional quantum field theories involving fractal 
statistics, and conformal field theories [7]. 

Recently, many works have been devoted to the q-deformed oscillator realization 
of the quantum algebras [9-261. This realization supplies the q-deformation of the 
semisimple Lie algebras such as AN and CN and super Lie algebras, and is helpful in 
investigating their representations. Hence the q-deformed oscillator algebra is a 
powerful tool in the studies of the quantum algebras. 

Let us recall that the physical system [14-191 of a single q-deformed oscillator is 
described by three operators, the creation and annihilation operators U’, and a, and 
N. When q + 1, a: ,  aq + at, a, the creation and annihilation operators for the simple 
harmonic oscillator (SHO). For generic q, define Nklim,, ,  a ’ , a q + i =  u t a + ; .  The 
algebraic relations satisfied by these operators are [ 13,231 

where 

q x  - q - x  sinh( yx) 
q - q - l  - sinh y 

[XI ,  = ~ - y=Inq .  

This is E,( l ) ,  the one-dimensional q-deformed oscillator algebra. When q + 1, [x] + x, 
the q-deformed algebra reverts to the one-dimensional SHO algebra, denoted X( 1). 
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In this letter we show that the q-deformed oscillator algebra is in fact a quantum 
algebra itself with the supplied Hopf structure. Therefore we find the q-deformation, 
i.e. the quantum counterpart for the non-semisimple Lie algebra X(l), which is one 
of the most important non-semisimple Lie algebras in physics. When q + 1, the quantum 
algebra X,(l) reverts to the non-semisimple Lie algebra X(1). 

Furthermore, we find that the universal 9-matrix can be constructed from the 
q-deformed algebra, and then the Yang-Baxter equation is given. 

This letter is organized in the following way. First we provide the Hopf algebraic 
structure, the co-product, antipode and co-unit for the new algebra. We show via direct 
calculations that they are consistent and compatible with the algebraic relations. Then 
we now give the 9-matrix explicitly and construct the Yang-Baxter equation (without 
spectral parameter) in a straightforward way. Finally there is a brief discussion on the 
q-deformed differential operator algebra. 

We now give the Hopf structure for the q-deformed oscillator algebra e::plicitly 
and verify that it is self-consistent and compatible with the commutation relations. 

First, it is pointed out [l-51 that for a given associative algebra A with unit, we 
call A a Hopf algebra if we can define three operations in A:  the co-product A, antipode 
S and co-unit E :  

A : A + A O A  A( a b )  = A (  a)A( b )  

S : A + A  S ( a b ) = S ( b ) S ( a )  (3) 

& : A + %  & ( a b )  = & ( a ) & ( b )  

where a, b are elements of A, and % is the field of complex numbers. The operations 
should be consistent, i.e. 

(idOA)A(a) = (AOid)A(a) 

m(idOS)A(a) = m(SOid)A(a) = & ( a ) .  1 (4) 

(&Oid)A(a)=( idOE)A(a)=a  

and compatible with the algebraic relations. 
So to identify the q-deformed algebra as a Hopf algebra is to find consistent and 

compatible (non-trivial) definitions for these three operations. They are given in the 
following: 

A( N )  = NO 1 + 1 0  N - (CY/ f ) I  

A(ai) = ( a i @ q N / 2 + i q - N / 2 @ a i )  e-ia’2 

1 

A(a,) = (u ,0qN’2+iq-N/2@a,)  

S ( N ) = - N + i ( 2 a / y ) .  1 S ( a i )  = -q%; S(a,)  = -q-%, 

E ( N )  = ff/ 7 & ( a ; ) = & ( a , ) = O  &(1) = 1 

( 5 )  

where a = 2 k r +  r / 2 ,  k E %. 
It is easy to check that this set of definitions satisfiesthe consistency condition (4). 

Here the calculation is given to show in the following that the first equation holds for 
a , ,  i.e. t .  

(idOA)A(ai) = (AOid)A(ai). (6) 
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=left. 

It is also easy to verify that for any two elements a, b we have 

N u ,  b l )  = [ U a ) ,  A ( b ) l .  
We provide the proof for a9 and U’,. 

proof: 

q N @ q N - q - N @ q - N  

9 + q-’ 
left = A ( [ a , ,  ai]) = -i 

then the second and third commutators in (11) are zero. The first and fourth commu- 
tators add up to make the right of (10). 

Therefore, the q-deformed oscillator algebra with the above Hopf structure is really 
a Hopf algebra. Since for generic q, the structure is neither commutative nor co- 
commutative, the algebra is a non-trivial quantum algebra. 

If q + 1 the q-deformed oscillator algebra reduces to a non-semisimple Lie algebra, 
i.e. the SHO algebra. 

The existence of the Yang-Baxter equation is a basic characteristic of quantum 
groups. We have just shown that the q-deformed oscillator algebra is a quantum group, 
so a natural question arises as how to construct the Yang-Baxter equation from this 
algebra. Let us start by setting up the 9-matrix. 

Actually, the algebraic relations (1) are invariant under q + q-’ (or y +  - y ) ,  so 
another co-product can be 
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and there is an operator % acting in algebra X,( 1 ) 0 2  giving the transformation between 
A and 

%A%-' = A  (14) 

which can be written explicitly in the form 

where the convention 

[ n ] p !  = [ 1],'/2[2],1/2 . * . [ n],3/2 

is applied. It is a straightforward calculation to prove (14), using the following relations: 

[ a i ,  ai] = [ 2 ~ +  n - l ] ( , , , ~ ~ 2 ~ [ n ] , ~ ~ 2 a ~ - '  (17) 

and 

q x  + q - x  cosh( y x )  

4 + 4-1 cosh y 
y = In q. --- - [XI (+ , , )  - 

% is the universal %-matrix with the following properties, which can all be verified 
by direct calculations: 

(A@id)% = 3 1 3 3 2 3  

(id@A)% = B 1 3 % 1 2  (19) 
(S@id)% = % - I  

where the Bv are the embedding of % into Xq(l)03. Hence we can show the Yang- 
Baxter equation stands: 

912913%23= g23213%12* (20) 
In other words, the Yang-Baxter equation has a solution constructed from quantum 

enveloping algebra of a non-semisimple Lie algebra X,( 1 ) .  This is an interesting result. 
We have shown that the one-dimensional q-deformed oscillator algebra H,( 1 )  is 

itself a quantum algebra associated with a Yang-Baxter equation. The generalization 
from a one-dimensional q-oscillator algebra to a multidimensional oscillator algebra 
Z,( n) is straightforward, since every component of the n-dimensional q-oscillator can 
be regarded as an independent one-dimensional q-oscillator. 

It is also worth noting that there is an isomorphism between the SHO algebra and 
the differential operator algebra 9 ( l ) ,  i.e. the algebra spanned by the operators x,  a 
and xa. So one may expect a q-deformed differential operator algebra to be isomorphic 
to the Xq(  1) algebra. This is the a,( 1)  algebra spanned by x, D and xa. The q-differential 
operator D is just the D operator proposed in [ 8 ]  and defined via its action on C", i.e. 

In [26], the D operator is expressed as an integral operator. We point out that, however, 
it can also be expressed as a formal function of the differential operator 

(22) 
1 

D = - [ x a ] ,  
X 

and when q + 1 this operator reduces to an ordinary differential operator. 
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The q-deformed differential operator algebra has the following commutation rela- 
tions which are apparently isomorphic to those of x,( 1): 

[D,x]=[xa'+l],-[xal, 

[xa, X I  = x [xd, D] = -D. 

It is obvious that this algebra can be given a Hopf structure analogously to the above 
discussion and is therefore a quantum enveloping algebra of 9( 1). The generalization 
to multimode q-deformed differential operator algebra 9,( n) is easy. 

Finally we would like to mention that the representation of xq(l) or 9¶(1), 
especially in the case of q being roots of unity, is an interesting topic still in progress. 

The author is indebted to Zhe Chang, Wei Chen, Jian-Hui Dai, H J de Vega, Han-Ying 
Guo, Li Liao, Zhang-Jiu Liu, Zhao-Hui Qian, Zhong-Hua Wang and Zhan Xu for 
useful discussions. The content was reported at the CCAST Summer Program, Beijing, 
on 14 August 1990. The work was supported in part by the National Natural Science 
Foundation of China and CCAST(WL). 
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